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Abstract. We prove a minimal modularity lifting theorem (in the spirit of Genestier–Tilouine and Pilloni)

in the setting of Siegel modular forms of genus two when the residual representation arises from a stable

Yoshida lift, that is, an automorphic induction of a nearly ordinary Hilbert modular eigencuspform over a real

quadratic field. As applications of the underlying R = T theorem, we establish the freeness of a universal

minimal ordinaryGalois deformation ring over an Iwasawa algebra in two variables alongwith the uniqueness

of Hida families passing through classical p-ordinary Siegel modular eigenforms with very regular weights.

1. Introduction

Modularity lifting theorems played a key role in Wiles’ celebrated work on Fermat’s last theorem [45].

They are consequences of “R = T” theorems which assert that a universal deformation ring parametrizing

certain lifts of a mod p Galois representation is isomorphic to a Hecke algebra acting on a suitable space

of modular forms (or more generally, automorphic forms). The “R = T” theorem used in Wiles’ work is

established using the Taylor–Wiles method [39]. Since then proving modularity lifting theorems in various

settings and studying their arithmetic applications have become an important theme in number theory.

These theorems are mostly obtained using the Taylor–Wiles method (and its subsequent extensions). The

main purpose of this paper is to establish a minimal modularity lifting theorem in the setting of Siegel

modular forms of genus 2 using the Taylor–Wiles method when the residual representation arises from

a stable Yoshida lift. Our methods closely follow the works of Genestier–Tilouine [15] and Pilloni [28]

who establish similar theorems for Siegel modular forms of genus 2 using the Taylor–Wiles method; see

§1.3 for a comparison with earlier works. As a by-product of our main theorem, we establish the freeness

of a universal minimal ordinary Galois deformation ring over an Iwasawa algebra in two variables, along

with the uniqueness ofGSp4 Hida families passing through certain Siegel modular forms with very regular
weights. Our R = T theorem plays an important role in establishing the results in a companion work [9]

where we obtain local characterizations of stable Yoshida components of Hida families of Siegel modular

forms in the spirit of Ghate–Vatsal [16]. We now describe our set-up and results.

Let p ≥ 5 denote a prime. Let K be a real quadratic field where the prime p splits as p1p2. Let OK

denote its ring of integers. We fix embeddings ι : Q ↪→ C and ιp : Q ↪→ Qp. There are two embeddings

σ1, σ2 : K ↪→ Q. The prime p1 is determined by ιp ◦ σ1. We choose the ordering of the weights of Hilbert

modular forms overK with respect to ι ◦ σ1 and ι ◦ σ2 respectively. LetM be an ideal of OK co-prime to

p. Let S denote the finite set of primes of Q consisting of the primes dividing the norm of M, the primes

ramified in the extensionK/Q along with p and∞. LetQS denote the maximal extension ofQ unramified

outside of S. Let GQ,S denote Gal(QS/Q). By abuse of notation, we continue to denote by S the set of

primes ofK lying above S. Let GK,S denote the subgroup Gal(QS/K).

Let g0 be a p-nearly-ordinary cuspidal Hilbert modular newform overK , with regular weight (κ1, κ2),
trivial nebentypus and level M. We further assume that g0 is nearly ordinary at p1 and p2 (see Defini-

tion 2.3). We suppose that κ1 ≡ κ2 (mod 2) with κ1 ≥ κ2 ≥ 2. We let τ : GK,S → GL2(Qp) denote
the p-adic Galois representation associated to g0. Denote by τ

c
, the conjugate Galois representation of τ

coming from a non-trivial outer automorphism of GK,S induced by Gal(K/Q).
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Set-up 1.1. Let F be a finite field with characteristic p over which the residual representation τ̄ : GK,S →
GL2(F) associated to g0 is defined. Along with those stated earlier, we impose the following hypothe-

ses throughout the paper. These are standard hypotheses that are usually imposed to make the minimal

ordinary deformation problem tractable. We give the rationale behind some of these hypotheses in §1.4.

(Ind) The residual representation τ̄ is absolutely irreducible. Furthermore, the induced representation

IndQK(τ̄), which we denote by ρ̄, is an absolutely irreducible residual GQ,S-representation.

(p-dist) The four characters appearing in the semi-simplification of ρ̄ |GQp
are distinct.

(optimallevel) The (tame) Artin conductor of τ̄ equalsM.

(sqarefree) The ideal M is generated by a squarefree integerM such that (M,p∆K) = 1, where ∆K

is the discriminant ofK .

(cong) If ℓ dividesM, then p does not divide (ℓ4 − 1).

(cong-ram) If ℓ ramifies inK and λℓ denotes the unique prime ofK lying above ℓ, then the natural image

of (ℓ4 − 1)(aλℓ
(g0)

2 − (ℓ+ 1)2ℓκ1−2) is not 0 in Fp. Here, aλℓ
(g0) is the Tλℓ

eigenvalue of g0.

(bigimage) SL2(Fp)× SL2(Fp) ⊂ Im(τ̄ ⊕ τ̄ c).

1.1. Stable Yoshida lifts and Hida theory forGSp4. Let f0 denote the stable Yoshida lift of g0, defined
over Q. Note that under our assumptions, f0 turns out to be a p-ordinary cuspidal Siegel eigenform of

weight (k1, k2) with level Γ
(2)
0 (M∆K) (see [21]) where

k1 =
κ1 + κ2

2
≥ k2 =

κ1 − κ2
2

+ 2.(1)

Let T be the local component of the ordinaryGSp4-Hecke algebra passing through f0 as considered by

Hida [18] and Pilloni [29] with tame level Γ
(2)
0 (M∆K). This Hecke algebra is a local ring and is generated

by the Hecke operators Tℓ,0, Tℓ,1 and Tℓ,2 for all primes ℓ ∤ pM∆K , along with the Hecke operators Up,1

andUp,2. There exists a canonical subringZpJy1, y2K— call itΛ henceforth — of T , where y1 and y2 denote
the weight variables such that T is a finite integral extension of ZpJy1, y2K.

1.2. Main Results. LetRmin
denote the universalminimal ordinary Galois deformation ring, parametriz-

ing minimal ordinary GSp4-valued lifts of ρ̄. See Definition 4.1 for its precise definition. Our main result

is an R = T theorem, where we apply the Taylor-Wiles method [10, 13, 39], following the approaches of

Genestier–Tilouine [15], Tilouine [40] and Pilloni [28].

Theorem 1. Under Set-up 1.1, the natural surjective morphism Rmin ≃→ T is an isomorphism. Furthermore,
T is a free Λ-module with finite rank.

As an immediate consequence of Theorem 1 and the vertical control theorem of Hida and Pilloni (The-

orem 2.5), we get the following minimal modularity result alluded to in the title:

Corollary. Suppose we are in Set-up 1.1. Let k′1 and k
′
2 be positive integers such that k

′
i ≡ ki (mod (p− 1))

for i = 1, 2 and k′1 ≥ k′2 ≥ 4. Suppose ρ : GQ,S → GSp4(Zp) is a minimal deformation of ρ̄ of weight
(k′1, k

′
2), in the sense of Definition 4.3. Then there exists a p-ordinary Siegel modular eigenform of genus 2

with level Γ(2)
0 (M∆K) and weight (k′1, k

′
2) such that ρ is the p-adic Galois representation attached to it.

As in [29], we say that a classical Siegel modular form of genus 2 has very regular weight (k′1, k
′
2) if

k′1 > k′2 ≫p,M,∆K
0. As another application of Theorem 1, we prove uniqueness of the Hida family

passing through p-ordinary Siegel modular forms with very regular weight.

Theorem 2. Suppose we are in Set-up 1.1. Suppose k′1 and k
′
2 are integers such that k′i ≡ ki (mod (p− 1)).

Suppose also that f is a classical specialization of T with weight (k′1, k
′
2) that is very regular. Then, there

exists a unique Hida family passing through f .
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Remark 1.1. The freeness of the ordinary Hecke algebra over Λ cannot be automatically deduced (in

general) in the GSp4 setting from the vertical control theorems of Hida [18] and Pilloni [29] for Siegel

modular forms due to the absence of duality between Siegel modular forms and Hecke algebra. If we let

P(k1,k2)
denote a classical height two prime ideal in Λ, then the control theorems for Siegel modular forms

only let us deduce that the natural surjective ring homomorphism

sp(k1,k2) : T ⊗Λ
Λ

P(k1,k2)
↠ H(k1,k2)

,(2)

has nilpotent kernel. Here, H(k1,k2)
denotes the corresponding localized Hecke algebra at finite weight

(k1, k2). See [35, Theorem 6.16] and [22, Proposition 2.3]. For these reasons, we need to appeal to “R = T”
theorems to deduce freeness of T over Λ.

Similarly one needs to appeal toR = T theorems at fixed weights to deduce uniqueness of Hida families

in Theorem 2. An important ingredient towards establishing these R = T theorems is Pilloni’s horizon-

tal control theorem [29] which is established for very regular weights. For this reason, we obtain the

uniqueness result of Theorem 2 only for Siegel modular forms of weights (k′1, k
′
2) with k

′
1 > k′2 ≫ 0.

1.3. Comparison with earlier works. Our approach towards proving Theorem 1 follows Pilloni’s strat-

egy in [28], wherein heworkswith the deformation problem formulated byGenestier–Tilouine [15, Section

4], verifies certain hypotheses (labeled H1, H2 and H3) and uses his horizontal control theorems [29, The-

orem 9.1] to apply the refinement of Taylor–Wiles method found by Diamond [10] and Fujiwara [13].

Nonetheless, we highlight some key differences from earlier works such as [15], [40] and [28].

Firstly, the theorems of Genestier–Tilouine [15] and Tilouine [40] involve the Hecke algebra T(3) acting
on the Λ-adic module obtained fromH3

(Betti cohomology) whereas we follow Hida [18] and Pilloni [29]

in considering the Hecke algebra T acting on the Λ-adic module obtained from H0
(coherent cohomol-

ogy). Although Eichler–Shimura type morphisms would provide us a ring map T(3) → T , we feel it is a

delicate question to show that the natural map between these Λ-adic Hecke algebras is an isomorphism

(without having established that T itself is also free over Λ). For these reasons, we are also unable to use

strong results of Mokrane–Tilouine [25] for deducing freeness of T over Λ.

Secondly, we rely on the explicit constructions of stable Yoshida lifts coming from the work of Hsieh–

Namikawa [20, 21]. This forces our tame level to be a Siegel congruence subgroup. On the other hand,

Pilloni [28] considers mostly squarefree levels coming from Klingen subgroups since the shape of the

inertial Galois representation at the primes ℓ dividing the level are then better controlled. For instance,

see [15, 32, 36]. For these reasons, the hypotheses imposed in Set-up 1.1 enable explicit computations as

shown in §3, to directly deduce various properties of the global and local Galois representations, thereby

showing that the natural Galois representation valued in T does in fact satisfy the minimal deformation

properties. These calculations are not present in the works of Genestier–Tilouine [15] and Pilloni [28]

as they use local Langlands correspondence (LLC) for GSp4 to directly establish these properties. It also

seems that the paramodular subgroups [32] of Sp4(Z) have a closer connection to the Artin conductor of

the p-adic Galois representation attached to Siegel modular forms.

1.4. The rationale behind our hypotheses in Set-up 1.1. The hypotheses (sqarefree), (cong) and

(cong-ram) are used to determine the shape of the local Galois representation at primes ℓ ∈ S\{p}. These
hypotheses are imposed since in our setting we are unable to glean these shapes only using LLC forGSp4
[14] and results of Brooks–Schmidt [32] which is in contrast with the situation in [15] and [28].

We make the following observation about the validity of the hypothesis (cong-ram). Since g0 has regu-
lar weight, it follows from the work of Carayol ([8]) and Blasius ([2]) that the Ramanujan conjecture holds
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for g0. See [2], especially the remarks on page 15. Using the Ramanujan conjecture, hypothesis (sqare-

free) along with the fact that g0 has trivial nebentypus allows us to make the following observation: if λ′

is a prime of OK co-prime toM and ℓ′ is the cardinality of its residue field, then the quantity

aλ′(g0)
2 − (ℓ′ + 1)2(ℓ′)κ1−2

(3)

is non-zero. This is because if the quantity in equation (3) equals zero, then as the nebentypus is trivial, the

roots of the Hecke polynomial at λ′ equal (ℓ′)κ1/2 and (ℓ′)κ1/2−1
. This would force the local component

at λ′ of the unitary normalization of the automorphic representation, corresponding to g0, to be a comple-

mentary series (which is forbidden by the Ramanujan conjecture). Thus, the hypothesis (cong-ram) holds

for all but finitely many primes p. However, note that it is still an open question that there are infinitely

many ordinary primes for a general non-CM Hilbert modular form.

The hypothesis (bigimage) is required in the proof of Theorem 1 in two essential ways. Firstly, it allows

us to use the Taylor-Wiles method. Secondly, it allows us to prove in Theorem 3.1 that the lift of ρ̄ to

T is valued in GSp4(T ). During the course of the proof of Theorem 3.1, we verify that Im(ρ̄) satisfies a
property very similar to the trés symplectique property formulated by Pilloni ([28, Definition 3.3]). Note

that since τ̄ is the residual representation of g0, when g0 is a non CM form, it follows from [11, Proposition

3.8, Corollary 3.14] that the hypothesis (bigimage) holds for all but finitely many primes p.
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2. Siegel modular forms over Q with genus two

In this section, we gather the required background information on Hida families associated to Siegel

modular forms over Q in the genus two setting along with Galois theoretic properties of stable Yoshida

lifts (automorphic inductions from Hilbert modular forms over real quadratic fields).

Let R be a commutative ring. Recall that the general symplectic group GSp4(R) is defined below:

GSp4(R) :=


g ∈ GL4(R), such that there exists a λ(g) ∈ R×

satisfying gT


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0


︸ ︷︷ ︸

J

g = λ(g)J


.

The map λ : GSp4(R) → R×
turns out to be a character, called the similitude character.
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Let Π be an irreducible cuspidal automorphic representation of GSp4(AQ). We refer the reader to [6,

Section 5] and [34, Section 4.2] for the definition of an irreducible cuspidal automorphic representation of

GSp4(AQ). We shall also consider its restricted tensor product decompositionΠ ∼= Π∞⊗
(⊗′

ℓ finite
Πℓ

)
involving irreducible admissible representations of GSp4(R) and GSp4(Qℓ) (see work of Flath [12]). The

representationΠ∞ is called the local component ofΠ at∞. Throughout this section, we shall impose the

following hypotheses on Π∞ and the level of Π respectively:

(1) Π∞ is a holomorphic (limit of) discrete series representation (in the sense of [34, Section 2.5]) with

regular weight (k′1, k
′
2) with k

′
1 ≥ k′2 ≥ 2.

(2) Π has vectors that are right-invariant under the action of the adelization of a principal Siegel

congruence subgroup Γ(N ′) for some N ′ ≥ 3 that is co-prime to p.

We let Sgood denote the set of finite primes where Πℓ is unramified. We let QΠℓ
(X) denote the monic

degree four Hecke polynomial at ℓ:

QΠℓ
(X) := X4 − Tℓ,2(Π)X3 + ℓ(Tℓ,1(Π) + (ℓ2 + 1)Tℓ,0(Π))X2 − ℓ3Tℓ,2(Π)Tℓ,0(Π)X + ℓ6T 2

ℓ,0(Π).

If ℓ belongs to Sgood, then Πℓ has an action of the Z-algebra consisting of all GSp4(Zℓ) bi-invariant con-

tinuous functionsGSp4(Qℓ) → Q with compact support (with multiplication given by convolution). This

algebra is often called the spherical Hecke algebra and denoted H(GSp4(Qℓ),Z). The spherical Hecke

algebra turns out (see [30, Section 5.1.3]) to be isomorphic to Z[Tℓ,0, T−1
ℓ,0 , Tℓ,1, Tℓ,2]. Here, Tℓ,2, Tℓ,1 and

Tℓ,0 are (respectively) the characteristic functions of the following double cosets:

GSp4(Zℓ)


1

1
ℓ

ℓ

GSp4(Zℓ), GSp4(Zℓ)


1

ℓ
ℓ

ℓ2

GSp4(Zℓ), ℓGSp4(Zℓ).

Definition 2.1. We will say that an automorphic representationΠ , with weight (k′1, k
′
2), is p-ordinary if

p ∈ Sgood and if the p-adic valuations (normalized so that the p-adic valuation of p equals 1) of the four

roots of the Hecke polynomial QΠp
(X) inside Qp (via ιp) equal 0, k

′
2 − 2, k′1 − 1 and k′1 + k′2 − 3.

Assume now that Π is p-ordinary. Let OE denote the ring of integers in a finite extension E of Qp

with uniformizer πE . We then consider the Iwahori subgroup Iwp(OE) of GSp4(OE) which consists of

all the matrices in GSp4(OE) whose reduction to GSp4(OE/(πE)) is upper-triangular. Consider the com-

mutative subalgebra Z[Up,1, Up,2] of the Z-algebra consisting of all Iwp bi-invariant continuous functions

GSp4(Qp) → Q with compact support C∞
c (GSp4(Qp)//Iwp(Zp),Z), where Up,2, Up,1 are the character-

istic functions of the following double cosets:

Iwp(Zp)


p

p
1

1

 Iwp(Zp), Iwp(Zp)


p2

p
p

1

 Iwp(Zp).

The dimension Π
Iwp(Zp)
p turns out to be 8. Suppose α0 and α1 are two roots of the Hecke polynomial

QΠp
(X) such that valp(α0) = 0 and valp(α1) = k′2 − 2. Following Miyauchi–Yamauchi [24, Section 7.1],

one can consider the p-ordinary p-stabilized vector. That is, there exists a p-ordinary p-stabilized vector
1

1
the p-ordinary p-stabilized vector is unique, up to scalars, when the weight is cohomological, that is, k′

1 ≥ k′
2 ≥ 3.
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in Π
Iwp(Zp)
p that determines (and is characterized) by the following ring homomorphism:

ϕp−stab,ord : Z[Up,1, Up,2] → Q,(4)

Up,2 7→ α0,

Up,1 7→ (p2−k′2α1)α0.

The p-ordinary p-stabilized vector v⃗ determines a ring homomorphism:

ϕv⃗ : Z
[{
Up,1, Up,2

}
∪
{
Tℓ,0, T

−1
ℓ,0 , Tℓ,1, Tℓ,2

}
ℓ∈Sgood\{p}

]
→ Qp.(5)

We will call ϕv⃗ the Hecke eigensystem with weight (k′1, k
′
2).

After combining the works of Laumon, Taylor, Weissauer and Urban, it follows that there exists a four

dimensional Galois representation associated to Π satisfying the following properties (see [42, Theorem

3.1] and its proof for more details).

Theorem 2.2 (Laumon [23], Taylor [38], Weissauer [43], [44], Urban [41]). Let Π be an automorphic
representation of GSp4(AQ) with regular cohomological weight (k′1, k

′
2), that is, k

′
1 ≥ k′2 ≥ 3.

(1) Let EΠ denote the field obtained by adjoining to Q, all roots of the Hecke polynomial QΠℓ
(X) for

every ℓ ∈ Sgood. Then, EΠ is a number field.
(2) There exists a unique continuous semi-simple Galois representation ϱΠ,p : GQ,S → GSp4(EΠ,p) such

that for every prime ℓ ∈ Sgood \ {p}, we have the following equality of characteristic polynomials:

det
(
X · I4 − ϱΠ,p(Frobℓ)

)
= QΠℓ

(X).(6)

Here, EΠ,p denotes the compositum of the fields ιp(EΠ) and Qp inside Qp. In particular, the Galois
representation ϱΠ,p is unramified at all primes ℓ ∈ Sgood \ {p}.

(3) The similitude character of ϱΠ,p is χΠϵ
k′1+k′2−3, where χΠ denotes the Galois character associated to

the central character of Π and ϵ : GQ,S → Z×
p denotes the p-adic cyclotomic character.

(4) The Galois representation ϱΠ,p is Hodge–Tate with weights (we normalize the p-adic cyclotomic char-
acter to have Hodge–Tate weight 1)

0, k′2 − 2, k′1 − 1, k′1 + k′2 − 3.

(5) IfΠ is p-ordinary and is neither CAP nor endoscopic, then there exist unramified charactersψ0, ψ1, ψ2, ψ3

of GQp
such that

ϱΠ,p|GQp
≃


ψ3ϵ

k′1+k′2−3 ⋆ ⋆ ⋆

0 ψ2ϵ
k′1−1 ⋆ ⋆

0 0 ψ1ϵ
k′2−2 ⋆

0 0 0 ψ0

 ,

withψ0(Frobp) = α0,ψ1(Frobp) = p2−k′2α1,ψ2(Frobp) = p1−k′1α2 andψ3(Frobp) = p3−k′1−k′2α3.
Here, α0, α1, α2, α3 are roots of the Hecke polynomialQΠp

(X) with valuations 0, k′2− 2, k′1− 1 and
k′1 + k′2 − 3, respectively.

2.1. Stable Yoshida lifts. Let g be a cuspidal Hilbert modular eigenform over K with regular weight

(κ′1, κ
′
2)with κ

′
1 ≥ κ′2 ≥ 2, square-free levelM and trivial Nebentypus. Let τg : GK,S → GL2(Zp) denote

the two-dimensional p-adic Galois representation associated to g. Note that det(τg) equalsRes
Q
K

(
ϵκ

′
1−1
)
.

Definition 2.3. We say that g is nearly ordinary at p1 and p2 if
6



• the p-adic valuations of the roots of the Hecke polynomial at p1

X2 − ιp(a(p1, g))X + pκ
′
1−1

are 0 and κ′1 − 1, and
• the p-adic valuations of the roots of the Hecke polynomial at p2

X2 − ιp(a(p2, g))X + pκ
′
1−1

are
κ′
1−κ′

2
2 and

κ′
1+κ′

2
2 − 1.

Here, we assume that p is a good prime, so that (p,M) = 1. One could rephrase this definition as

requiring that theHodge polygons and the Newton polygons coincide. The definition could also be restated

as requiring the eigenvalues of the normalized (as in [17]) Hecke operators Tp1 and Tp2 are p-adic units.
We have the following proposition pertaining to the construction of an automorphic representation for

GSp4/Q corresponding to the automorphic induction of g. The origins of this construction go back to

Yoshida [46, 47] and Böcherer–Schulze-Pillot [3–5].

Proposition 2.4. Let g be a Hilbert modular eigenform overK as above. There exists a cuspidal automorphic

representation Π0 with weight (k′1, k
′
2) :=

(
κ′1 + κ′2

2
,
κ′1 − κ′2

2
+ 2

)
satisfying the following properties:

(1) For all primes ℓ /∈ S∪{p}, the Hecke polynomial ofΠ0 at ℓ equals det
(
X · I4 − Ind

GQ,S

GK,S
(τg)(Frobℓ)

)
.

(2) There exists a fixed vector (say f ) under the Siegel congruence subgroup Γ
(2)
0 (M∆K) for Π0. Here,

∆K is the discriminant of the quadratic fieldK .
(3) If g is nearly ordinary at p1 and p2, then Π0 is p-ordinary (in the sense of Definition 2.1).

Proof. For the construction of automorphic representation (associated to the stable Yoshida packet) satisfy-
ing the properties prescribed in part (1), see Roberts [31, Theorem 8.6(1)].

The existence of a Siegel modular form for Π0 whose level equals the Siegel congruence subgroup

Γ
(2)
0 (M∆K), as in Part (2), follows from work of Hsieh–Namikawa. See [20, Section 3.7] and [21, Propo-

sition 4.3].

Since p ∈ Sgood forΠ0, Part (3) follows by comparing the Euler factor at p for the L-function L(Π0, s)
associated toΠ0 with the product of the Euler factors at p1 and p2 for the L-function LK(g, s) associated
to g. Let QΠ0,p

(X) denote the degree 4 Hecke polynomial associated to Π0 at p. Let Qg,pi
denote the

degree two Hecke polynomial associated to g at pi, for i ∈ {1, 2}. Since p splits in K , one obtains an

equality for all complex numbers s:

p−4sQΠ0,p
(ps) =

(
p−2sQg,p1

(ps)
) (
p−2sQg,p2

(ps)
)
.

Therefore, the monic degree four polynomials QΠ0,p
(x) and Qg,p1

(x)Qg,p2
(x) must coincide. Since g is

nearly ordinary at p1 and p2, the p-adic valuations of the roots of the productQg,p1
(x)Qg,p2

(x) (and hence
of QΠ0,p

(x)) equal

0, k′2 − 2︸ ︷︷ ︸
κ′1 − κ′2

2

, k′1 − 1︸ ︷︷ ︸
κ′1 + κ′2

2
−1

, k′1 + k′2 − 3︸ ︷︷ ︸
κ′
1−1

(7)

This establishes the p-ordinarity of Π0. □

Remark 2.1. If the stable Yoshida lift obtained in Proposition 2.4 has cohomological weights (with k′1 ≥
k′2 ≥ 3) then the p-adic Galois representation ϱΠ0,p

attached to it in Theorem 2.2 is isomorphic to Ind
GQ,S

GK,S
(τg).

Remark 2.2. For establishing parts (1) and (2) of Proposition 2.4, the assumption that g is nearly ordinary
is not required.

7



2.2. Hida’s p-ordinaryHecke algebra forGSp4. For each i ∈ {1, 2}, we letGi denoteZ×
p . Let Λ̃ denote

the completed group ring ZpJG1 ×G2K. Consider G1 ×G2 as a diagonal torus inside Sp4(Zp):

G1 ×G2 ↪→ Sp4(Zp),

(g1, g2) 7→


g1 0 0 0
0 g2 0 0
0 0 g−1

2 0
0 0 0 g−1

1

 .
For each (k′1, k

′
2) ∈ Z2

, the character

G1 ×G2 → Z×
p

(g1, g2) 7→ g
k′1
1 g

k′2
2 .

determines a ring homomorphism φ(k′1,k
′
2)

: Λ̃ → Zp of completed Zp-algebras. We shall say that a prime

ideal p of Λ̃ is a cohomological prime with weight (k′1, k
′
2) if it is the kernel of φ(k′1,k

′
2)
with k′1 ≥ k′2 ≥ 3.

Note that the semi-local ring Λ̃ can be decomposed into a product of local rings. Furthermore, these local

rings are in one-to-one correspondence with group homomorphisms (υa
′
, υb

′
) : µp−1 × µp−1 → F×

p .

Here, the map υ : µp−1 → F×
p is obtained by composing the Hensel lift µp−1 ↪→ Z×

p with the canonical

surjection Z×
p ↠ F×

p . We call the corresponding local ring Λ(a′,b′). Observe that Λ(a′,b′) is isomorphic as

a ring to the power series ZpJy1, y2K in two variables. If (k′1, k
′
2) ≡ (a′, b′) (mod (p − 1)Z2), then the

map φ(k′1,k
′
2)

factors via Λ(a′,b′). The variables y1 and y2 are chosen so that the morphism Λ(a′,b′) → Qp,

induced by φ(k′1,k
′
2)
, is defined by sending yi to (1 + p)k

′
i − 1 for i ∈ {1, 2}. Suppose thatR2 is a reduced

algebra that is finite and torsion-free over Λ(a′,b′). We will say that a prime P of R2 is cohomological

and has weight (k′1, k
′
2) if the pullback of P to Λ̃ equals ker(φ(k′1,k

′
2)
). We let Xcoh(R2) denote the set of

cohomological primes ofR2. We also consider the following subset of cohomological primes:

(8) X≥4
temp(R2) :=

{
P ∈ Spec(R2) : P is a cohomological prime with k′1 > k′2 ≥ 4

and (k′1, k
′
2) ≡ (a′, b′) (mod (p− 1)Z2)

}
Recall from the introduction that weight (k1, k2) of the Yoshida lift f0 fixes a congruence class (a0, b0)

(mod (p− 1)Z2). We denote Λ(a0,b0)
by Λ. By Proposition 2.4(3), the automorphic representation corre-

sponding to f0 is p-ordinary. By Proposition 2.4(2), this automorphic representation is unramified at all

the primes not dividing M∆K . We recall the main vertical control theorem independently due to Hida

[18, Theorem 1.1] and Pilloni [29, Theorem 7.1], [27, Corollary 1.3] and some of its consequences. See

[22, Section 2].

Theorem 2.5 (Vertical control theorem (Hida, Pilloni)).
There exists a finite, local, reduced, torsion-free and equidimensional (with dimension 3)Λ(a0,b0)

-algebra T

and a ring homomorphism j4 : Z
[{
Up,2, Up,1

}
∪
{
Tℓ,2, Tℓ,1, Tℓ,0, T

−1
ℓ,0

}
(ℓ,Mp∆K)=1

]
→ T satisfying the

following properties:

(1) The image of j4 is dense in T .
(2) X≥4

temp(T ) is dense in Spec(T ) with respect to the Zariski topology.
(3) There exists a ring homomorphism

Φ(k1,k2)
: T → Qp,
8



such that the induced map Φ(k1,k2)
◦ j4 corresponds to the Hecke eigensystem of the ordinary p-

stabilization of f0. If k2 ≥ 3, then ker(Φ(k1,k2)
) is cohomological with weight (k1, k2).

(4) Suppose we are given a ring homomorphism Φ(k′1,k
′
2)

: T → Qp such that k′1 ≥ k′2 ≥ 4. Then, the
induced ring homomorphism Φ(k′1,k

′
2)
◦ j4 corresponds to the Hecke eigensystem, as in equation (5),

of a non-zero p-ordinary stabilized vector of a p-ordinary automorphic representation Π with level
Γ
(2)
0 (M∆K) and cohomological weight (k′1, k

′
2). If k

′
1 > k′2 ≥ 4, then ker(Φ(k′1,k

′
2)
) ∈ X≥4

temp(T ).

(5) Suppose ϕ : Z
[{
Up,2, Up,1

}
∪
{
Tℓ,0, T

−1
ℓ,0 , Tℓ,1, Tℓ,2

}
(ℓ,Mp∆K)=1

]
→ Qp corresponds to the Hecke

eigensystem, as in equation (5), of a non-zero p-ordinary stabilized vector of a p-ordinary automorphic
representation Π with level Γ(2)

0 (M∆K) and weight (k′1, k
′
2) such that

• (a0, b0) ≡ (k′1, k
′
2) mod (p− 1)Z2.

• k′1 ≥ k′2 ≥ 4.
Then, there exists a ring homomorphism

Φ(k′1,k
′
2)

: T → Qp,

such that ϕ = Φ(k′1,k
′
2)
◦ j4. Furthermore, if k′1 > k′2 ≥ 4, then ker(Φ(k′1,k

′
2)
) ∈ X≥4

temp(T ).

3. Shapes and properties of Galois representations

In this section, we establish themain properties of the Galois representation valued in theGSp4 ordinary
Hecke algebra. These properties are used to get the surjective map Rmin → T mentioned in Theorem 1.

We first establish the symplectic property of the residual representation. Let {v⃗1, v⃗2} denote a basis for
the F[GK,S ] representation space corresponding to τ̄ (which was defined in § 1.1). Choose a prime ℓ0 that
is ramified in K/Q; the hypothesis (sqarefree) tells us that the natural image of inertia subgroup Iℓ0
of GQ,S inside Gal(Qker(τ̄) ·Qker(τ̄c)

/Q) has order two. Let σ denote an element in Iℓ0 that maps to the

non-trivial order two element. Such an element exists due to hypothesis (sqarefree). Note that σ does

not belong to GK,S , but σ
2
belongs to GK,S .

We consider the action ofGQ,S on the ordered basis {σ · v⃗1, v⃗1, v⃗2, σ · v⃗2} of the induced representation
Ind

GQ,S

GK,S
(τ̄) giving us a homomorphism ρ̄ : GQ,S → GL4(F). For an element h in GK,S , let τ̄(h) =(

āh b̄h
c̄h d̄h

)
and τ̄(σ−1hσ)︸ ︷︷ ︸

τ̄c(h)

=

(
x̄h ȳh
ūh v̄h

)
. We then have

ρ̄(σ) =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , ρ̄(h) =


x̄h 0 0 ȳh
0 āh b̄h 0
0 c̄h d̄h 0
ūh 0 0 v̄h

 .(9)

Since the character det(τ̄) is obtained as the restriction of aGQ,S-character, we see that Image(ρ̄) lands

inside GSp4(F). Let λ̄ : GQ,S → F×
denote the similitude character obtained from ρ̄. Let ω denote the

Hensel lift of the mod-p cyclotomic character.

Theorem 3.1.

(1) There exists a representation

ρT : GQ,S → GSp4(T )
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lifting ρ̄ such that for all ℓ /∈ S, we have Trace(ρT (Frobℓ)) = Tℓ,2. Furthermore, for every element
g in the decomposition group Gal(Qp/Qp),

ρT (g) =



λ̃

ψ̃0

(g) ⋆ ⋆ ⋆

0
λ̃

ψ̃1ϵ
−2ωb0 κ̃2

(g) ⋆ ⋆

0 0 ψ̃1ϵ
−2ωb0 κ̃2(g) ⋆

0 0 0 ψ̃0(g)


.

Here, λ̃ : GQ,S → T × is a global character uniquely characterized by sending Frobℓ to ℓ3Tℓ,0 for all
ℓ not dividingM∆K . Here,

κ̃2 : GQp
→ Gal(Qcyc

p /Qp) ∼= 1 + pZp ↪→ ZpJ1 + pZpK
× ∼= ZpJy2K

×

is the tautological character coming from the second weight variable. Furthermore, for each i ∈ {0, 1},
the characters ψ̃i : GQp

→ T × are unramified with

ψ̃0(Frobp) = Up,2, ψ̃1(Frobp) = Up,1/Up,2.

(2) If ℓ is a prime dividingM , then there exists a matrix Pℓ ∈ GSp4(T ) such that ρT (Iℓ) is the pro-cyclic
group generated by

Pℓ


1 1 0 0
0 1 0 0
0 0 1 −1
0 0 0 1

P−1
ℓ .

(3) If ℓ ramifies in K , then there exists a matrix Pℓ ∈ GSp4(T ) such that ρT (Iℓ) is the cyclic group
generated by

Pℓ


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

P−1
ℓ .

Proof. To prove point (1), we follow the arguments of Genestier–Tilouine [15, Lemma 4.3.3] and Pilloni

[28].

Since the traces of p-adic Galois representations attached to Siegel cuspidal eigenforms (as in Theorem

2.2) are pseudocharacters of dimension four (e.g., see [1, Section 1.2] for the definition of pseudocharacters),

one can use a density argument (e.g., see [22, TheoremA2] and its proof for such an application of a density

argument) using the cohomological specializations in the set X≥4
temp(T ) to show that there exists a unique

continuous pseudocharacter T : GQ,S → T of dimension four, characterized by the following assignment

Frobℓ 7→ Tℓ,2, ∀ℓ /∈ S.

Therefore, the residual pseudocharacter GQ,S
T−→ T → F is the trace of an irreducible representation

ρ̄ : GQ,S → GL4(F). Hence, it follows from works of Nyssen and Rouquier [26, 33] that there exists a

Galois representation ϱ : GQ,S → GL4(T ) lifting ρ̄ such that Tr(ϱ) = T.
The definition of the Hecke operator Tℓ,0 and a density argument using the cohomological specializa-

tions in the set X≥4
temp(T ) together allow us first to show that there exists a character λ̃ : GQ,S → T

interpolating the similitude characters of the cohomological specializations. It is characterized by the fol-

lowing assignment:

Frobℓ 7→ ℓ3Tℓ,0, ∀ℓ /∈ S.
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For instance, see [22, Lemma 4.2] and its proof. We note that the similitude character λ̃ lifts the residual

character λ̄ : GQ,S → F×
given above since the p-adic Galois representation associated to any cohomo-

logical specialization in X≥4
temp(T ) lifts ρ̄. We also observe that its square equals det(ϱ).

Let V denote the underlying rank four T -module for the Galois representation ϱ. Moreover, a similar

density argument tells us that ϱ is auto-dual, i.e., we have the following isomorphism of T [GQ,S ]-modules:

V (λ̃−1) ∼= HomT (V, T ),(10)

v 7→ ψv

Equation (10) allows us to define three pairings V × V → T as follows:

⟨v1, v2⟩ = ψv1
(v2), ⟨v1, v2⟩alt = ψv1

(v2)− ψv2
(v1), ⟨v1, v2⟩sym = 2⟨v1, v2⟩ − ⟨v1, v2⟩alt.(11)

One observes that for all g ∈ GQ,S , we have

⟨gv1, gv2⟩ = λ̃(g)⟨v1, v2⟩, ⟨gv1, gv2⟩alt = λ̃(g)⟨v1, v2⟩alt, ⟨gv1, gv2⟩sym = λ̃(g)⟨v1, v2⟩sym.(12)

Since ϱ lifts ρ̄, we consider, without loss of generality, a T -basis {E1, E2, E3, E4} of V lifting the standard

symplectic basis {e1, e2, e3, e4} of ρ̄. We make the following claim:

Claim 3.2. Suppose ⟨·, ·⟩0 is a non-degenerate bilinear pairing on F4 such that

⟨ρ̄(g)v1, ρ̄(g)v2⟩0 = λ̄(g)⟨v1, v2⟩0, ∀ g ∈ GQ,S , ∀ v1, v2 ∈ F4.

Then, the pairing ⟨·, ·⟩0 is symplectic and equal to a scalar multiple of the standard symplectic pairing provided
by the matrix J in F.

The isomorphism in equation (10) tells us that the pairing ⟨·, ·⟩, defined in equation (11), is non-zero

modulo the maximal ideal of T . We note that the character λ̃ afforded by the pairings ⟨·, ·⟩, ⟨·, ·⟩alt and
⟨·, ·⟩sym, as in equation (12), modulo the maximal ideal of T equals λ̄. Claim 3.2 allows us to deduce that the

reduction of the symmetric pairing ⟨·, ·⟩sym modulo the maximal ideal of T is zero. The definition of the

alternating pairing ⟨·, ·⟩alt as given in equation (11) along with claim 3.2 tells us that the reduction of the

alternating pairing ⟨·, ·⟩alt modulo the maximal ideal of T is a non-zero scalar multiple of the symplectic

pairing provided by the pairing matrix J in F.

Proof of Claim 3.2. Hypothesis (bigimage) along with the embedding of the image of the GK,S represen-

tation τ̄ ⊕ τ̄ c into GSp4(F) given in equation (9) tells us that the matrices
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

 ,


1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1

 ,


1 0 0 0
0 1 1 0
0 0 1 0
0 0 0 1

 ,


1 0 0 0
0 1 0 0
0 1 1 0
0 0 0 1

 ,

belong to the natural image of SL2(Fp)× SL2(Fp) inside Image(ρ̄). Note that the restriction of the char-

acter λ̄ to SL2(Fp) × SL2(Fp) is trivial by the construction given just before the theorem. Using these

matrices, we obtain that the pairing ⟨·, ·⟩0 satisfies the following relations

⟨e1, e1⟩0 = ⟨e2, e2⟩0 = ⟨e3, e3⟩0 = ⟨e4, e4⟩0 = ⟨e1, e2⟩0 = ⟨e1, e3⟩0 = ⟨e2, e4⟩0 = ⟨e3, e4⟩0 = 0.

Similarly, using the following matrices in SL2(Fp)× SL2(Fp) inside Image(ρ̄):
1 0 0 1
0 1 0 0
0 0 1 0
1 0 0 2

 ,


1 0 0 0
0 1 1 0
0 1 2 0
0 0 0 1


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wemay conclude that ⟨e1, e4⟩0 = −⟨e4, e1⟩0 and ⟨e2, e3⟩0 = −⟨e3, e2⟩0. Combining our observations tells

us that the pairing ⟨·, ·⟩0 is alternating. We also note that the matrix


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 belongs to Image(ρ̄)

(see equation (9)) and lies in ker(λ̄). Using this matrix allows us to conclude that ⟨e1, e4⟩0 = ⟨e2, e3⟩0.
This allows us to conclude that the pairing matrix for ⟨·, ·⟩0 equals ⟨e1, e4⟩0J . This completes the proof of

the claim. □

To complete the proof of point 1 of Theorem 3.1, we proceed as follows. As ρ̄ is absolutely irreducible, it

follows that the cohomological specializations in X≥4
temp(T ) are neither CAP nor endoscopic. Combining

the p-distinguished hypothesis, Parts 3 and 5 of Theorem 2.2 and the density of X≥4
temp(T ) in Spec(T ), we

conclude that there exists a change-of-basis matrix P1 in GL4(T ) so that the restriction P1ϱP
−1
1 |GQp

is

upper-triangular with characters on diagonal as given in point 1. For example, see the arguments provided

in the proof of [22, Theorem 4.6(7)]. We can also find a matrix P 2 in GL4(F) so that P2P1ϱP
−1
1 P−1

2

equals ρ̄. Note that the p-distinguished hypothesis forces P2 to be upper-triangular. Now consider an

upper triangular matrix P2 inGL4(T ) that lifts P2. Note that the restriction P2P1ϱP
−1
1 P−1

2 lifts ρ̄ and its
restriction to GQp

is upper-triangular. Therefore, after scaling appropriately, the pairing matrix J ′
for the

symplectic pairing ⟨·, ·⟩alt with respect to this new basis — given by the change of basis matrix P−1
1 P−1

2
— reduces to J modulo the maximal ideal. In fact, the p-distinguished hypothesis along with the explicit

description of the characters along the main diagonal in the local shape provided in the point 1 of the

theorem allows us to write down

J ′ =


0 0 0 u1
0 0 u2 x1
0 −u2 0 x2

−u1 −x1 −x2 0

 , with u1 − 1, u2 − 1, x1, x2 in the maximal ideal of T .

One can then apply a further change of basis matrix P3 =


1 −x1/u1 −x2/u1u2 0
0 1 0 0
0 0 1/u2 0
0 0 0 1/u1

 which

is upper-triangular, satisfies P T
3 J

′P3 = J and the image of P3 in GL4(F) is the identity matrix. One

now directly verifies that the Galois representation P0ϱP
−1
0 satisfies the hypothesis of point (1), with

P0 = P−1
3 P2P1.

Point (2) follows from Proposition 3.4. One applies Proposition 3.4(i) to all cohomological primes of

X≥4
temp(T ) and a density argument to show that the conclusion in equation (20) holds for T . One then

deduces point (2) from Proposition 3.4(ii).

Point (3) can similarly be deduced from proposition 3.7. This concludes the proof of Theorem 3.1. □

3.1. Shape of the local Galois representations at bad primes. Let O denote the Witt ringW (F). Let
gℓ denote a lift in Iℓ of the topological generator of the pro-p part (which is isomorphic to Zp) of the tame

inertia group at ℓ.

Lemma 3.3. Suppose ℓ is a prime of Q dividingM . Let ℓ0 denote a prime ofK lying above ℓ.

(i) Then, τ̄ |GKℓ0

and τ̄ c |GKℓ0

are ramified. Furthermore, there exist unramified characters

χ̄1, χ̄2, χ̄
c
1, χ̄

c
2 : GKℓ0

→ F×
p ,
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such that we have an isomorphism of Fp-representations:

τ̄ |GKℓ0

≃
(
χ̄1 ∗
0 χ̄2

)
, τ̄ c |GKℓ0

≃
(
χ̄c
1 ∗
0 χ̄c

2

)
,(13)

with the ratios
χ̄1

χ̄2
and

χ̄c
1

χ̄c
2

equal to the cyclotomic character.

(ii) We have an isomorphism of Fp-representations:

ρ̄ |GKℓ0

≃


χ̄1 ⋆ 0 0
0 χ̄2 0 0
0 0 χ̄c

1 ⋆
0 0 0 χ̄c

2

 .(14)

• If ℓ is a prime of Q that splits overK , then we have the following relations:

χ̄2
1 = (χ̄c

1)
2, χ̄2

2 = (χ̄c
2)

2,
χ̄1

χ̄2
(Frobℓ0) =

χ̄c
1

χ̄c
2

(Frobℓ0) = ℓ.(15)

• If ℓ is a prime of Q that remains inert inK , then we have the following relations:

χ̄1 = χ̄c
1, χ̄2 = χ̄c

2,
χ̄1

χ̄2
(Frobℓ0) =

χ̄c
1

χ̄c
2

(Frobℓ0) = ℓ2.(16)

In particular, the image of ρ̄ |Iℓ0 is a cyclic group of order p and that

ρ̄(gℓ) ∼Fp


1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1

 .

Proof. Recall that τ0 : GK,S → GL2(Zp) is the two-dimensional p-adic Galois representation associated

to the Hilbert cuspidal eigenform g0. Using the local-global compatibility results of Carayol [8] for twisted

Steinberg representations, one obtains that the restriction τ0 |GKℓ0

is ramified and has the following shape

for all h ∈ Iℓ0 :

τ0(h) = C

(
1 ∗
0 1

)
C−1, for some C in GL2(Qp).

These observations allow us to conclude that the image of the restriction τ0 |Iℓ0 is pro-p and hence

isomorphic to Zp. Hypothesis (sqarefree) tells us that Iℓ0
∼= Iℓ. These observations allow us to conclude

the following equality of matrices overM2(Zp):

(τ0(gℓ)− I2)
2 = 0.(17)

Considering their reductions in Fp and using hypothesis (optimallevel), we get that

τ̄(gℓ)− I2 ̸= 0, (τ̄(gℓ)− I2)
2 = 0.(18)

The relation between tame inertia and Frobenius at ℓ0 now provides us the desired unramified characters

χ̄1, χ̄2 : GKℓ0
→ Fp

×
for τ̄ |GKℓ0

. We also note that the product χ̄1χ̄2 equals a power of the mod-p

cyclotomic character ϵ̄κ1−1
. We note that τ̄ c |GKℓ0

is isomorphic to τ̄ |GKℓc0

, where ℓc0 is the prime in

K lying over ℓ that is conjugate to ℓ0. If the prime ℓ of Q lying below ℓ0 is split in K , then the above

conclusion follows by definition. Otherwise, we note that if ℓ is a prime of Q that remains inert inK , the

claimed isomorphism utilizes the unipotent shape of τ̄ |Iℓ0 along with the relation between tame inertia

13



and Frobenius at ℓ. The conclusion of part (i) follows for τ̄ c |GKℓ0

since ℓc0 also satisfies the same hypotheses

as ℓ0. This proves part (i).
The construction of ρ̄ given above provides us the following isomorphism:

ρ̄ |GKℓ0

∼= τ̄ |GKℓ0

⊕τ̄ c |GKℓ0

.(19)

Combining all our observations above and the isomorphism in equation (19) allows us to deduce the con-

clusion in part (ii). Note that if ℓ is a prime of Q that remains inert in K , we have used the isomorphism

τ̄ |GKℓ0

∼= τ̄ c |GKℓ0

. □

Proposition 3.4. Suppose ℓ is a prime ofQ dividingM . LetR denote a complete local NoetherianO-algebra
with finite residue field F. Let ρ : Gal(Q/Q) → GSp4(R) denote a lift of ρ̄.

(i) If R is a reduced ring that is finite and torsion-free over Zp, then

(ρ(gℓ)− I4) ̸= 0,(20)

(ρ(gℓ)− I4)
2 = 0.

(ii) Suppose that the conclusion in equation (20) holds. Then, there exists a matrix Pρ,ℓ in GSp4(R) such

that ρ(Iℓ) is a pro-cyclic group generated by Pρ,ℓ


1 1 0 0
0 1 0 0
0 0 1 −1
0 0 0 1

P−1
ρ,ℓ .

Proof. Since R is reduced, to prove part (i) without loss of generality we may assume that R equals a

subring O′
of a finite extension of Qp. First note that ρ(Iℓ) is a pro-p-group since ρ̄(Iℓ) is a p-group by

Lemma 3.3 along with the fact that ker (GL4(O
′) → GL4(F)) is pro-p. Therefore, ρ |Iℓ is tamely ramified

and pro-cyclic generated by ρ(gℓ).

Claim 3.5. The only eigenvalue of ρ(gℓ) is 1.

Proof of Claim 3.5. Suppose α is an eigenvalue of ρ(gℓ) that is not equal to 1. The relationship between

Frobenius at ℓ and tame inertia tells us that αℓ
is also an eigenvalue of ρ(gℓ). This in turn tells us that

α is a root of unity. From the residual shape of ρ̄ provided in Lemma 3.3, we obtain that α must be a

p-power root of unity. Hypothesis (cong) and the fact that we are dealing with 4×4matrices then tells us

that the only possibility is αℓ3−1 = 1. Let Vα, Vαℓ , Vαℓ2 denote the eigenspaces for the matrix ρ(gℓ) over

Qp for the eigenvalues α, α
ℓ
and αℓ2

respectively. We note that Frobℓ permutes each of the eigenspaces

Vα, Vαℓ , Vαℓ2 and leaves their direct sum Vα ⊕ Vαℓ ⊕ V
αℓ2 invariant inside the Qp-representation afforded

by ρ. Therefore they must all be of dimension 1. We also note that the action of Frob3ℓ on the direct

sum is via multiplication-by-a-scalar, say c0. This observation allows us to conclude that the action of

(any lift of) Frob2ℓ on the Qp-representation space afforded by ρ has three residually distinct eigenvalues

(corresponding to the cube-roots of c20). However, Lemma 3.3 tells us that (any lift of) Frob2ℓ has only two

distinct eigenvalues for its action on the Fp representation afforded by ρ̄. This contradicts the existence of
an eigenvalue α of ρ(gℓ) that is not equal to 1. This concludes the proof of Claim 3.5. □

Let X denote ρ(Frobℓ), for some lift Frobℓ of Frobenius at ℓ. Since ρ̄(gℓ) is not identity by Lemma 3.3,

to complete the proof of part (i), we need to rule out the following Jordan canonical forms for ρ(gℓ):
1 1 0 0
0 1 1 0
0 0 1 1
0 0 0 1

 , or


1 1 0 0
0 1 1 0
0 0 1 0
0 0 0 1

 .
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Let B denote the Jordan canonical form of ρ(gℓ). One can solve for a general formula for X so that the

relationXB = BℓX holds. Let a, b, c, d denote the eigenvalues ofX inQp. In the above cases, the general

formula yields (after suitable reordering) that

a/b = b/c = c/d = ℓ, or a/b = b/c = ℓ.

Therefore, residually one obtains

a/b
2
= b/c

2
= c/d

2
= ℓ

2
, or a/b

2
= b/c

2
= ℓ

2
.

In both of these cases, one would obtain thatX2
has at least three distinct residual eigenvalues. However,

this is prohibited by Lemma 3.3. Therefore, (ρ(gℓ) − I4) ̸= 0 and (ρ(gℓ) − I4)
2 = 0. This completes the

proof of part (i). Part (ii) follows from [15, Lemma 9.2.1]. □

Lemma 3.6. Suppose ℓ is a prime of Q dividing ∆K . Let ℓ0 denote the unique prime ofK lying above ℓ.

(1) τ̄ |GKℓ0

is unramified. Furthermore, there exist unramified characters χ̄1, χ̄2 : GKℓ0
→ F×

p , such

that we have an isomorphism of Fp-representations:

τ̄ ≃
(
χ̄1 ⋆
0 χ̄2

)
.(21)

Here, the ratio
χ̄1

χ̄2
is not equal to the mod p-cyclotomic character or its inverse.

(2) ρ̄ |GKℓ0

is unramified. Furthermore, there exists an isomorphism of Fp representations:

ρ̄ |GKℓ0

∼=


χ̄1 ⋆ 0 0
0 χ̄2 0 0
0 0 χ̄1 ⋆
0 0 0 χ̄2

 .

(3) Image(ρ̄(Iℓ)) is a cyclic group of order 2 in GL4(Fp) with eigenvalues of the non-trivial element
equalling {1, 1,−1,−1}.

Proof. The fact that τ̄ |GKℓ0

is unramified follows from hypothesis (sqarefree). The shape given in

equation (21) follows by utilizing the Jordan canonical form of τ̄(Frobℓ0), for some lift of Frobenius at ℓ0.

The fact that the ratio

χ̄1

χ̄2
is not equal to the mod p-cyclotomic character or its inverse follows by using

hypothesis (cong-ram) along with the equality det(τ0)(Frobℓ0) = ℓκ1−1
. Thus, we obtain part 1 of the

lemma.

The extension (say K ′
ℓ0
) of Kℓ0

cut out by τ̄ |GKℓ0

is unramified. Since ℓ is ramified in the extension

K/Q, the extensionK ′
ℓ0
/Qℓ is abelian. Combining this observation along with the definition of τ̄ c allows

us to conclude that τ̄ |GKℓ0

∼= τ̄ c |GKℓ0

. Thus, we obtain part 2 of the lemma.

Part (3) follows directly from the construction of ρ̄ and the fact that ρ̄(Iℓ0) is trivial. □

Proposition 3.7. Suppose ℓ is a prime ofQ dividing∆K . LetR denote a complete local NoetherianO-algebra
with finite residue field F. Let ρ : Gal(Q/Q) → GSp4(R) denote a lift of ρ̄.

(i) Suppose R is a reduced ring that is finite and torsion-free over Zp. Then, Image(ρ(Iℓ)) is a cyclic
group of order 2. Furthermore, the characteristic polynomial of the non-trivial element equals (X −
1)2(X + 1)2.
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(ii) Suppose that the conclusion of the previous part holds. Then, there exists a matrix Pρ,ℓ in GSp4(R)

such that ρ(Iℓ) is a cyclic group generated by Pρ,ℓ


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

P−1
ρ,ℓ .

Proof. Since R is reduced, to prove part (i) of the proposition without loss of generality we may assume

that R equals a subring O′
of a finite extension of Qp. Let ℓ0 denote the unique prime ofK lying above ℓ.

Let gℓ0 denote a lift in Iℓ0 of the topological generator of the pro-p part (which is isomorphic to Zp) of the

tame inertia group at ℓ0. Just as in Claim 3.5 of Proposition 3.4, we can deduce that the only eigenvalue

of ρ(gℓ0) equals 1. This deduction once again uses hypothesis (cong-ram) and the fact that ρ̄(Frobℓ0) has
only two distinct eigenvalues.

Let X denote ρ(Frobℓ0), for some lift of Frobenius at ℓ0. We need to rule out the following Jordan

canonical forms for ρ(gℓ0):
1 1 0 0
0 1 1 0
0 0 1 1
0 0 0 1

 , or


1 1 0 0
0 1 1 0
0 0 1 0
0 0 0 1

 , or


1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1

 , or


1 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

Let B denote the Jordan canonical form of ρ(gℓ0). One can solve for a general formula for X so that the

relation XB = BℓX holds. In each of the cases, an explicit computation for this general formula of X
shows that we can find two eigenvalues (say a, b) of X such that a = ℓb. Therefore, one obtains two

eigenvalues of ρ̄(Frobℓ0) such that their ratio equals ℓ̄. This is prohibited by Lemma 3.6 and hypothesis

(cong-ram). This allows us to conclude that ρ(gℓ0) equals I4. Therefore, ρ(Iℓ) factors through the quotient
Iℓ/Iℓ0

∼= Z/2Z. Therefore, the eigenvalues of the non-trivial element of ρ(Iℓ) equals ±1. Part (i) now
follows from Lemma 3.6(3).

To deduce part (ii), part (i) allows us to find an eigenbasis {e⃗1, e⃗2, e⃗3, e⃗4} for ρ so that the non-trivial

element of ρ(Iℓ) – call it x – acts by


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 under this new basis. We now note that the

restriction of the similitude character to Iℓ is trivial, because residually, the restriction of λ̄ is trivial (since

residually, it is a power of the cyclotomic character) and p does not divide ℓ − 1. Hence, ⟨x · ei, x · ej⟩ =
⟨ei, ej⟩, for all i, j ∈ {1, 2, 3, 4}. Therefore,

⟨e⃗1, e⃗2⟩ = ⟨e⃗1, e⃗3⟩ = ⟨e⃗2, e⃗4⟩ = ⟨e⃗3, e⃗4⟩ = 0.

Appropriately scaling the elements in {e⃗1, e⃗2, e⃗3, e⃗4}, we can have ⟨e⃗1, e⃗4⟩ = ⟨e⃗2, e⃗3⟩ = 1. We let P−1
ρ,ℓ

denote the change of basis matrix. One sees that (P T
ρ,ℓ)

−1JP−1
ρ,ℓ = J , thereby proving the proposition. □

4. Proving R = T

4.1. Minimal deformation problems. We define various minimal deformation rings associated to ρ̄.
We follow the exposition given in Pilloni’s work ([28, Sections 5.3 and 5.4]). Let C denote the category

consisting of complete Artinian local O-algebras with finite residue field F. Here, O denotes the Witt

vectors of F.

Definition 4.1. Consider the functorD : C → Sets, that sends an objectR of C to the set of isomorphism

classes (over GSp4) of lifts ρ : GQ,S → GSp4(R) of ρ̄ satisfying the following properties:
16



(1) There exists a matrix Pρ,p ∈ GSp4(R) such that

ρ(g) = Pρ,p


χ1 ∗ ∗ ∗
0 χ2 ∗ ∗
0 0 χ3 ∗
0 0 0 χ4

P−1
ρ,p , ∀ g ∈ GQp

.

Here, for each i ∈ {1, 2, 3, 4}, we have a character χi : GQp
→ R×

. Furthermore, we impose the

condition that the character χ4 is unramified. In this case, we say ρ is ordinary at p.
(2) If ℓ dividesM , then there exists a Pρ,ℓ ∈ GSp4(R) such that ρ(Iℓ) is the cyclic group generated by

Pρ,ℓ


1 1 0 0
0 1 0 0
0 0 1 −1
0 0 0 1

P−1
ρ,ℓ . In Genestier–Tilouine’s work [15], these primes are classified as type

UN2,2. In Pilloni’s work [28], these primes are classified as type ϵ2.
(3) If ℓ ramifies in K/Q, then there exists a Pρ,ℓ ∈ GSp4(R) such that ρ(Iℓ) is the cyclic group

generated by Pρ,ℓ


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

P−1
ρ,ℓ . The deformation condition is similar to the one given

for primes classified as type PR2 in Genestier–Tilouine’s work [15]. In Pilloni’s work [28], those

primes are classified as type χℓ. The main difference between their conditions and ours is that in

our setting, the +1 and −1 eigenspaces do not form isotropic subspaces.

Remark 4.1. Strictly speaking, if 2 ramifies inK/Q, then it is not included as a prime of type PR2 or type
χℓ in the above works of Genestier–Tilouine and Pilloni respectively. However, their calculations would

follow through verbatim since we are working with the minimal deformation problem. Thus, we do not

consider this case separately.

It follows, from [40, Proposition 2.1], that the functor D is pro-representable by a complete local Noe-

therian O-algebra with finite residue field F. We denote this universal deformation ring by Rmin
and call

it the minimal ordinary deformation ring of ρ̄.

Definition 4.2. A prime number q is called a Taylor-Wiles prime if it satisfies the following conditions:

• q does not divideM∆K ,

• q ≡ 1 (mod p), and
• ρ̄(Frobq) has four distinct eigenvalues.

If q is a Taylor-Wiles prime, then we fix an ordering ᾱ1,q, ᾱ2,q, ᾱ3,q, ᾱ4,q of the eigenvalues of ρ̄(Frobq)
such that ᾱ1,qᾱ4,q = ᾱ2,qᾱ3,q . Thus, in this case,

ρ̄|GQq
≃ χ̄1,q ⊕ χ̄2,q ⊕ χ̄3,q ⊕ χ̄4,q,

where, for all 1 ≤ i ≤ 4, we have χ̄i,q is an unramified character with χ̄i,q(Frobq) = ᾱi,q . It will be possible

to fix an ordering of these characters χ̄1,q, χ̄2,q, χ̄3,q, χ̄4,q such that χ̄1,q(Frobq)χ̄2,q(Frobq) does not belong
to the set {χ̄1,q(Frobq)χ̄3,q(Frobq), χ̄2,q(Frobq)χ̄4,q(Frobq), χ̄3,q(Frobq)χ̄4,q(Frobq)}. Henceforth, for the
rest of the article, we fix one such ordering.

Henceforth, we implicitly increase our residue field so that all (distinct) roots of the reductions of the

Hecke polynomials at Taylor–Wiles primes lie in F. This amounts to changing our coefficient ring by a

finite extension, which does not alter the conclusion of our results. Given a (possibly empty) finite set Q
of Taylor-Wiles primes, we define the following deformation problem associated toQ with finite weights.
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Definition 4.3. Let k′1, k
′
2 be positive integers such that k

′
i ≡ ki (mod p−1) for i = 1, 2 andQ be a finite

set of Taylor-Wiles primes. Let DQ,(k′1,k
′
2)

be the functor from C to Sets which sends an object R of C to

the set of isomorphism classes (over GSp4) of lifts ρ : GQ,S∪Q → GSp4(R) of ρ̄ satisfying the following

properties:

(1) There exists a matrix Pp ∈ GSp4(R) such that

ρ(g) = Pp


χ1 ∗ ∗ ∗
0 χ2 ∗ ∗
0 0 χ3 ∗
0 0 0 χ4

P−1
p , ∀ g ∈ GQp

,

such that the restriction to inertia has the following shape:

ρ(g) = Pp


ϵk

′
1+k′2−3 ∗ ∗ ∗
0 ϵk

′
1−1 ∗ ∗

0 0 ϵk
′
2−2 ∗

0 0 0 1

P−1
p , ∀ g ∈ Ip,

Here, for each i ∈ {1, 2, 3, 4}, we have a character χi : GQp
→ R×

.

(2) If ℓ dividesM , then there exists a Pℓ ∈ GSp4(R) such that ρ(Iℓ) is the cyclic group generated by

Pℓ


1 1 0 0
0 1 0 0
0 0 1 −1
0 0 0 1

P−1
ℓ .

(3) If ℓ ramifies in K , then there exists a Pℓ ∈ GSp4(R) such that ρ(Iℓ) is the cyclic group generated

by Pℓ


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

P−1
ℓ .

(4) If q ∈ Q, then there exists a Pq ∈ GSp4(R), such that for all g ∈ GQq
, we have

ρ|GQq
(g) = Pq


χ1,q(g) 0 0 0

0 χ2,q(g) 0 0
0 0 χ3,q(g) 0
0 0 0 χ4,q(g)

P−1
q .

Here, χi,q : GQq
→ R×

is a character lifting χ̄i,q for every 1 ≤ i ≤ 4. Furthermore, the GQq
-

characters χ1,q and χ2,q are unramified with χ2,qχ3,q = χ1,qχ4,q . In Genestier–Tilouine’s work,

these primes are classified as type Dq . (We note that by [15, Lemma 5.1.1] this condition is equiva-

lent to the ones considered by [15] and [28] for Taylor–Wiles primes.)

We call an element ofD∅,(k′1,k′2)(R) a minimal deformation of ρ̄ of weight (k′1, k
′
2).

It follows, from [15, Proposition 5.2.1], that the functor DQ,(k′1,k
′
2)
is pro-representable. We denote this

universal deformation ring by Rmin
Q,(k′1,k

′
2)
. We let Rmin

(k′1,k
′
2)
denote Rmin

∅,(k′1,k′2)
.

Note that the definition of Rmin
Q,(k′1,k

′
2)
depends on the ordering of eigenvalues of ρ̄(Frobq) that we fixed

for every q ∈ Q. Combining [28, Proposition 5.6] and Lemmas 4.5, 4.6, 4.7 that are proved below, we obtain

the existence of suitable sets of Taylor-Wiles primes.

Proposition 4.4 (Pilloni). Let k′1, k
′
2 be positive integers such that k′i ≡ ki (mod p− 1) for i = 1, 2. Then

for every integerm ≥ 1, there exists a set of Taylor-Wiles primes Qm such that
(1) If q ∈ Qm, then q ≡ 1 (mod pm),
(2) |Qm| = r is independent ofm,

18



(3) Rmin
Qm,(k′1,k

′
2)
is a quotient of OJX1, · · · , XrK.

4.2. Verifying the hypotheses for existence of Taylor–Wiles primes. In [28], Pilloni gives sufficient

hypotheses for the existence of a suitable collection of Taylor-Wiles primes alluded to in Proposition 4.4.

These hypotheses are labelled (H1), (H2) and (H3). These hypotheses are verified in Lemmas 4.5, 4.6 and

4.7. To state these hypotheses, we need to work with the Lie algebra g of GSp4(F). Note that we have

a direct sum decomposition g = g0 ⊕ c, where c is the subspace of M4(F) consisting of scalar matrices

and g0 consists of all matrices X in M4(F) satisfying XTJ + JX = 0. Concretely, g0 is the subspace

of all matrices M ∈ M4(F) of the form M =


a1 b1 c1 d1
a2 b2 c2 c1
a3 b3 −b2 −b1
a4 a3 −a2 −a1

. We get 11-dimensional and 10-

dimensional GQ,S-representations respectively

Ad(ρ̄) : GQ,S → Aut(g) ∼= GL11(F), Ad0(ρ̄) : GQ,S → Aut(g0) ∼= GL10(F),

by the conjugation via ρ̄. Note that Ad(ρ̄) ∼= Ad0(ρ̄)⊕ 1.

LetM0
2 (F) denote the subspace ofM2(F) consisting of matrices with trace 0. We also get 4-dimensional

and 3-dimensional GK,S-representations by the conjugation action of τ̄ :

Ad(τ̄) : GK,S → Aut(M2(F)) ∼= GL4(F), Ad0(τ̄) : GK,S → Aut(M0
2 (F)) ∼= GL3(F).

We define Ad(τ̄ c) and Ad0(τ̄ c) similarly by replacing τ̄ by τ̄ c above.

Lemma 4.5 (Hypothesis H1). The extension of Q fixed by ker(Ad0(ρ̄)) does not contain ζp.

Proof. Let L′
be the extension ofQ fixed by ker(Ad0(ρ̄)). By observing that the centralizer of g0 inM4(F)

consists of the scalar matrices, we have a natural isomorphism

ProjIm(ρ̄)
∼=−→ Im(Ad0(ρ̄))(22)

Here, ProjIm(ρ̄) denotes the image of ρ̄ in PGL4(F). Using the isomorphism in equation (22), one sees

that any element of GL′,S is scalar under ρ̄, whereas by the construction in the previous section, none of

the elements ofGQ,S−GK,S maps to a scalar under ρ̄. Thus,K ⊂ L′
. Thus, to prove the lemma, it suffices

to prove that K(ζp) ̸⊂ L′
. Since p splits in K , we have Gal(K(ζp)/K) is cyclic of order p − 1. Thus, to

prove the lemma, it suffices to show that the abelian quotients of ProjIm(ρ̄(GK,S)) have exponent divid-
ing 2.

The big image hypothesis along with a theorem of Dickson [11, Theorem 3.7] tells us that ProjIm(τ̄)
is isomorphic to PGL2(F′) or PSL2(F′), for some finite field F′ ⊂ F. A group theory lemma [11, Lemma

3.10] would further let us conclude that Im(τ̄) ⊃ SL2(F′). Furthermore, we claim that

ρ̄(GK,S) ⊃ SL2(F′)× SL2(F′).(23)

To see this, recall that if h ∈ GK,S , then

ρ̄(h) =


a 0 0 b
0 a′ b′ 0
0 c′ d′ 0
c 0 0 d

 with ad− bc = a′d′ − b′c′ and

(
a b
c d

)
,

(
a′ b′

c′ d′

)
∈ F×GL2(F′).

Let N1 denote the set of all elements g ∈ SL2(F′) such that (g, 1) belongs to Im
(
ρ̄ |GK,S

)
via the

embedding above. Similarly, let N2 denote the set of all elements g ∈ SL2(F′) such that (1, g) belongs

to Im
(
ρ̄ |GK,S

)
via the embedding above. To prove the claim in equation (23), it suffices to show that

N1 = N2 = SL2(F′). Note thatN1 andN2 are normal subgroups of SL2(F′) since SL2(F′) is contained in
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both Im(τ̄) and Im(τ̄ c). Since p ≥ 5, our big image hypothesis (bigimage) now gives us the desired claim

as the only nontrivial proper normal subgroup of SL2(F′) is {±I2}. Thus, we get inclusions SL2(F′) ×
SL2(F′) ⊂ ρ̄(GK,S) ⊂ H , where

H =
{
(µ1A,µ2B) | µ1, µ2 ∈ F×, A,B ∈ GL2(F′), µ21 det(A) = µ22 det(B) ∈ (F×

p )
κ1−1

}
.

Let G denote the natural image of SL2(F′)×SL2(F′) inside PGL4(F). Similarly, letH ′
denote the natural

image of H inside PGL4(F). We have natural inclusions

G ⊂ ProjIm(ρ̄(GK,S)) ⊂ H ′.

Consider an element (µ1A,µ2B) in H . Observe that µ21, µ
2
2 ∈ F′

. Consider the element µ21 det(A) (say

c) in F′
. Then, we note that

1

c
(µ21A

2, µ22B
2) ∈ SL2(F′) × SL2(F′). This observation tells us that the

group H ′/G has exponent 2. Since SL2(F′) is its own commutator, we get that any abelian quotient of

ProjIm(ρ̄(GK,S)) has exponent dividing 2. This concludes the proof of the lemma. □

Lemma 4.6 (Hypothesis H2). For everym, there exists an element σm ∈ GQ(ζpm ),S such that ρ̄(σm) has 4
distinct eigenvalues and each irreducible subrepresentation of Ad(ρ̄)|GQ(ζpm ),S

contains an eigenvector of the
action of σm with eigenvalue 1.

Proof. We follow the argument given in [7, Example 4.11]. Observe that we have a direct sum decomposi-

tion of F[GQ,S ]-modules:

g ∼=
(
Ind

GQ,S

GK,S
Ad0(τ̄)

)
⊕
(
τ̄ ⊗ τ̄ c(det(τ̄)−1)

)
⊕ F.(24)

The big image hypothesis (bigimage) lets us conclude thatAd0(τ̄) andAd0(τ̄ c) are non-isomorphic ab-

solutely irreducibleGK,S-representations. Since neither of them are stable under the action ofGal(K/Q),

the induction Ind
GQ,S

GK,S
Ad0(τ̄) is an irreducible GQ,S-representation.

The construction of ρ̄ in §3 gives us an order two element σ :=


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 in the image of the

inertia group Iℓ0 (where the rational prime ℓ0 was chosen to be ramified in K/Q). Since Q(ζpm)/Q is

unramified at ℓ0, note that ρ̄(GQ(ζpm ),S) contains the order two element σ for allm ≥ 0.

Note thatGal(Q(ζpm)/Q) is a cyclic abelian group of order pm−1(p−1). Therefore, the quotient of the
group ρ̄(GK,S) by ρ̄(GK(ζpm ),S) is abelian. Since the commutator subgroup of SL2(F′)× SL2(F′) equals

itself (where the field F′
comes in the proof of Lemma 4.5), we see that SL2(F′)× SL2(F′) is contained in

ρ̄
(
GK(ζpm ),S

)
for allm ≥ 0.

The observations in the above three paragraphs let us conclude that Ind
GQ,S

GK,S
Ad0(τ̄) is an irreducible

GQ(ζpm ),S-representation. Furthermore, an explicit computation using the fact that SL2(F′)×SL2(F′) is a

subgroup of ρ̄(GK(ζpm ),S)would tell us that

(
τ̄⊗τ̄ c(det(τ̄)−1)

)
is an irreducibleGK(ζpm ),S-representation.

Indeed, fix a basis {w1, w2} of τ̄ c ⊗ (det(τ̄)−1) and note that every element of τ̄ ⊗ τ̄ c(det(τ̄)−1) can be

written as v1 ⊗ w1 + v2 ⊗ w2 with v1, v2 ∈ τ̄ . Let g1, g2 ∈ GK(ζpm ),S be such that

τ̄(g1) = τ̄(g2) =

(
1 0
0 1

)
τ̄ c(g1) =

(
1 0
1 1

)
, τ̄ c(g2) =

(
0 1
−1 0

)
.

Suppose V is a GK(ζpm ),S-subrepresentation of τ̄ ⊗ τ̄ c(det(τ̄)−1). Let v := v1 ⊗ w1 + v2 ⊗ w2 ∈ V be a

non-zero element. After replacing v by v + g2.v if necessary, we can assume v1 ̸= 0 and v2 ̸= 0. Thus,
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g1.v − v = v1 ⊗ w2 ∈ V . Thus,

S = {g.(v1 ⊗ w2) | g ∈ GK(ζpm ),S with τ̄ c(det(τ̄)−1)(g) = Id} = {v′ ⊗ w2 | v′ ∈ τ̄} ⊂ V.

Now g2.S = {g2.s | s ∈ S} = {v′ ⊗ w1 | v′ ∈ τ̄} ⊂ V . Thus it follows that V = τ̄ ⊗ τ̄ c(det(τ̄)−1) which
proves the claim.

Using the explicit model for the Lie algebra g, we may realize the direct sum decomposition of F[GQ,S ]-
modules given in equation (24) as follows:

g ≃W ⊕ V ⊕ c,

where

• W is the subspace of g consisting of matrices of the form


a1 0 0 d1
0 b2 c2 0
0 b3 −b2 0
a4 0 0 −a1

,

• V is the subspace of g consisting of matrices of the form


0 b1 c1 0
a2 0 0 c1
a3 0 0 −b1
0 a3 −a2 0

.

• c is the subspace of scalar matrices.

Consider

h0 :=


0 1 0 0
2 0 0 0
0 0 0 1/2
0 0 1 0

 =


1 0 0 0
0 2 0 0
0 0 1/2 0
0 0 0 1


︸ ︷︷ ︸
∈SL2(F′)×SL2(F′)

σ

Clearly h0 belongs to ρ̄(GQ(ζpm ),S), for all m ≥ 0. Let h0 = ρ̄(σm), for some element σm ∈ GQ(ζpm ),S .

Eigenvalues of h0 are ±
√
2 and ±1/

√
2 (and hence distinct). Now

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 ∈W and


0 1 0 0
2 0 0 0
0 0 0 −1
0 0 −2 0

 ∈ V

are eigenvectors for σ with eigenvalue 1 (for the conjugation via h0 action). Thus, σm is an element

satisfying the requirements of the lemma. □

Lemma 4.7 (Hypothesis H3). dim(H0(GQ,S , g)) = 1 and H0(GQ,S , g(1)) = 0.

Proof. Since theGQ,S-subrepresentationsW , V and c of g— introduced in the proof of Lemma 4.6 — are all

irreducible representations ofGQ(ζpm ),S , they are irreducible representations ofGQ,S as well. BothW and

V have dimensions greater than 1. Hence, neither of them contain a sub-representation with dimension

1. As g =W ⊕ V ⊕ c, we have

dim(H0(GQ,S , g)) = dim(H0(GQ,S , c)) = 1 and H0(GQ,S , g(1)) = H0(GQ,S , c(1)) = 0.

This proves the lemma. □
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4.3. Auxiliary Klingen levels. The Klingen subgroups Kli(0)(Zℓ) and Kli(1)(Zℓ) consist of matricesM
in GSp4(Zℓ) having the following congruence shapes:

M =


⋆ ⋆ ⋆ ⋆
0 ⋆ ⋆ ⋆
0 ⋆ ⋆ ⋆
0 0 0 ⋆

 (mod ℓ), M =


1 ⋆ ⋆ ⋆
0 ⋆ ⋆ ⋆
0 ⋆ ⋆ ⋆
0 0 0 ⋆

 (mod ℓ).

Let ∗ ∈ {0, 1}. We will also consider the commutative subalgebra Z[Uℓ,0, Uℓ,1, Uℓ,2] of the Z-algebra
C∞
c (GSp4(Qℓ)//Kli

(∗)
ℓ (Zℓ),Z) consisting of allKli

(∗)
ℓ bi-invariant continuous functionsGSp4(Qℓ) → Q

with compact support, where Uℓ,2, Uℓ,1 and Uℓ,0 are the characteristic functions of the double cosets:

Kli
(∗)
ℓ (Zℓ)


1

1
ℓ

ℓ

Kli
(∗)
ℓ (Zℓ), Kli

(∗)
ℓ (Zℓ)


1

ℓ
ℓ

ℓ2

Kli
(∗)
ℓ (Zℓ), ℓKli

(∗)
ℓ (Zℓ).

Proposition 4.4 guarantees the existence of a natural number r, such that for each m ≥ 1, we have a
finite set Qm of Taylor–Wiles primes with cardinality r and further satisfying the conditions listed there.

We consider the following levels:

Γ
Iwp,Q

(1)
m

:=

Iwp(Zp)×
∏

q∈Qm

Kli(1)(Zq)×
∏

ℓ/∈Qm∪{p}

Γ
(2)
0 (MZℓ)

 ∩GSp4(Q),

Γ
Iwp,Q

(0)
m

:=

Iwp(Zp)×
∏

q∈Qm

Kli(0)(Zq)×
∏

ℓ/∈Qm∪{p}

Γ
(2)
0 (MZℓ)

 ∩GSp4(Q),

ΓIwp
:=

Iwp(Zp)×
∏
ℓ/∈{p}

Γ
(2)
0 (MZℓ)

 ∩GSp4(Q).

Weconsidermodules ofO-valued p-ordinary Siegel cuspformsSord
(k′1,k

′
2)
(Γ

Iwp,Q
(1)
m
,O) andSord

(k′1,k
′
2)
(Γ

Iwp,Q
(0)
m
,O).

We consider the corresponding Hecke algebras H
(1)
Qm,(k′1,k

′
2)

and H
(0)
Qm,(k′1,k

′
2)

respectively generated over

O by the Hecke operators Up,2, Up,1 along with Uq,2, Uq,1 for all primes q in Qm and Tℓ,2, Tℓ,1, Tℓ,0 for all
primes ℓ /∈ Qm ∪ {p}. Similarly, we can also define the module of O-valued p-ordinary Siegel cuspforms

Sord
(k′1,k

′
2)
(ΓIwp

,O) and the corresponding Hecke algebraH(k′1,k
′
2)
generated overO by the Hecke operators

Up,2, Up,1 and Tℓ,2, Tℓ,1, Tℓ,0 for all primes ℓ /∈ {p}.

Consider weights k′1 ≥ k′2 ≥ 3 such that (k′1, k
′
2) ≡ (a0, b0) (mod (p− 1)Z2). Pick a p-ordinary Siegel

cuspidal eigenform f ′ in Sord
(k′1,k

′
2)
(ΓIwp

,O) lifting ρ̄ (for instance, we may choose f ′ to be the p-ordinary

p-stabilization of an appropriate stable Yoshida lift). For each q ∈ Qm, we can find roots αq, βq of the

Hecke polynomial at q for f ′ that lift χ̄1(Frobq), χ̄2(Frobq) as in Definition 4.3. Let f ′stab be the form in

Sord
(k′1,k

′
2)
(Γ

Iwp,Q
(1)
m
,O) obtained by

∏
q∈Qm

q-stabilization of f ′ with respect to this choice. That is, for each

q ∈ Qm, the qUq,1 and Uq,2 eigenvalues of f
′
stab are αqβq and αq + βq respectively (see [28, Proposition

3.3] for the existence of f ′stab; the choice of ordering of χ̄i(Frobq) is used here). Let m(1)
and m(0)

denote

the corresponding maximal ideals of H
(1)
Qm,(k′1,k

′
2)

and H
(0)
Qm,(k′1,k

′
2)

determined by f ′stab. Let m′
denote

the maximal ideal of H(k′1,k
′
2)

determined by f ′. Let TQm,(k′1,k
′
2)

and T(k′1,k′2) denote the localizations of

H
(1)
Qm,(k′1,k

′
2)
andH(k′1,k

′
2)
with respect tom(1)

andm′
respectively. We get a sequence of natural inclusions
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of free O-modules:

Sord
(k′1,k

′
2)
(ΓIwp

,O)m′ ↪→ Sord
(k′1,k

′
2)
(Γ

Iwp,Q
(0)
m
,O)m(0) ↪→ Sord

(k′1,k
′
2)
(Γ

Iwp,Q
(1)
m
,O)m(1) .(25)

Let

MQm,(k′1,k
′
2)

:= HomO

(
Sord
(k′1,k

′
2)
(Γ

Iwp,Q
(1)
m
,O)m(1) ,O

)
, M

(0)
Qm,(k′1,k

′
2)

:= HomO

(
Sord
(k′1,k

′
2)
(Γ

Iwp,Q
(0)
m
,O)m(0) ,O

)
,

M(k′1,k
′
2)

:= HomO

(
Sord
(k′1,k

′
2)
(ΓIwp

,O)m′ ,O
)
.

For each q ∈ Qm, let ∆q denote the p-primary part of Kli
(0)
q /Kli

(1)
q

∼= (Z/qZ)×. Let ∆Qm
=
∏

q∈Qm
∆q .

There is a natural action of O[∆Qm
] onMQm,(k′1,k

′
2)
. Let IQm

denote the kernel of the augmentation map

O[∆Qm
] → O. The inclusions in equation (25) induce natural maps on their O-duals:

MQm,(k′1,k
′
2)

IQm
MQm,(k′1,k

′
2)

→M
(0)
Qm,(k′1,k

′
2)

→M(k′1,k
′
2)
.(26)

Lemma 4.8. Let Qm be a finite set (possibly empty) of Taylor–Wiles primes. Let k′1, k
′
2 be positive inte-

gers such that k′i ≡ ki (mod p − 1) for i = 1, 2 and k′1 ≥ k′2 ≥ 3. There exists a representation
ρQm,(k′1,k

′
2)

: GQ,S∪Qm
→ GSp4(TQm,(k′1,k

′
2)
) lifting ρ̄ such that

Trace
(
ρQm,(k′1,k

′
2)
(Frobℓ)

)
= Tℓ,2, for all ℓ /∈ Qm ∪ S,(27)

and such that ρQm,(k′1,k
′
2)

mod (m(1))n belongs toDQm,(k′1,k
′
2)

(TQm,(k′1,k
′
2)

(m(1))n

)
for all n ≥ 1.

Proof. The construction of the Galois representation ρQm,(k′1,k
′
2)

lifting ρ̄ satisfying the trace equality

given in equation (27) and the first three properties listed in Definition 4.3 of the functor DQm,(k′1,k
′
2)

follows from similar arguments given in the proof of Theorem 3.1. The fourth property listed in Def-

inition 4.3 for Taylor–Wiles primes follows from work of Genestier–Tilouine [15, Lemma 5.1.1, Section

9.3], see also Pilloni [28, Proposition 6.5]. In particular, if we consider a Taylor–Wiles prime q in Qm,

then ρQm,(k′1,k
′
2)
|GQq

≃ ⊕4
i=1ηi,q , such that ηi,q : GQq

→ T ×
Qm,(k′1,k

′
2)

is a character lifting χ̄i,q for every

1 ≤ i ≤ 4, with η1,q and η2,q being unramified characters and η2,qη3,q = η1,qη4,q . We also have

qUq,1 = η1,q(Frobq)η2,q(Frobq), Uq,2 = η1,q(Frobq) + η2,q(Frobq).(28)

To conclude that the ηi,q’s take value in the ring TQm,(k′1,k
′
2)
, note that we have implicitly used the fact

that our residue field F is large enough so that Hensel’s lemma ensures us that the coefficient ring contains

all roots of Hecke polynomials of Taylor–Wiles primes. □

Lemma 4.8 and equation (28) of Lemma 4.8 allows us to obtain surjective ring homomorphisms:

Rmin
Qm,(k′1,k

′
2)

↠ TQm,(k′1,k
′
2)
, Rmin

(k′1,k
′
2)

↠ T(k′1,k′2).(29)

The surjective ring homomorphisms in equation (29) allow us to viewMQm,(k′1,k
′
2)
andM(k′1,k

′
2)
asRmin

Qm,(k′1,k
′
2)

and Rmin
(k′1,k

′
2)
modules respectively. We have the following proposition:

Proposition 4.9 (Genestier–Tilouine, Pilloni). For sufficiently large weights k′1 > k′2 ≫ 0 such that k′i ≡ ki
(mod p− 1) for i = 1, 2, the data

{Rmin
(k′1,k

′
2)
, T(k′1,k′2), M(k′1,k

′
2)
, Rmin

Qm,(k′1,k
′
2)
, TQm,(k′1,k

′
2)
, MQm,(k′1,k

′
2)
}

forms a Taylor–Wiles system (in the sense of [28, Section 4.2.1.]). That is,
(1) Rmin

(k′1,k
′
2)
is a complete localO-algebra. Rmin

Qm,(k′1,k
′
2)
is a complete localO[∆Qm

]-algebrawithRmin
(k′1,k

′
2)

∼=
Rmin

Qm,(k′1,k
′
2)
/IQm

.
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(2) M(k′1,k
′
2)

is an Rmin
(k′1,k

′
2)
-module, that is free as an O-module. MQm,(k′1,k

′
2)

is an Rmin
Qm,(k′1,k

′
2)
-module.

Furthermore,MQm,(k′1,k
′
2)
is a free O[∆Qm

]-module with finite rank that is independent ofm.
(3) T(k′1,k′2) equals the image of Rmin

(k′1,k
′
2)

inside EndO(M(k′1,k
′
2)
). Furthermore, TQm,(k′1,k

′
2)

equals the

image of Rmin
Qm,(k′1,k

′
2)
inside EndO(MQm,(k′1,k

′
2)
).

Here, the setsQm of Taylor–Wiles primes appear in Proposition 4.4. In addition, the following statements hold:

(i) For allm, the image of TQm,(k′1,k
′
2)
inside EndO

(
MQm,(k′1,k

′
2)

IQm
MQm,(k′1,k

′
2)

)
is isomorphic to T(k′1,k′2).

(ii) For allm, we have
MQm,(k′1,k

′
2)

IQm
MQm,(k′1,k

′
2)

∼=M(k′1,k
′
2)
.

Proof. Let q ∈ Qm. We note that the restriction to Iq , of the universal Galois deformation valued in

Rmin
Qm,(k′1,k

′
2)
is of the form


1 0 0 0
0 1 0 0
0 0 χq 0
0 0 0 χq

 under a suitable basis. Here, χq is aR
min
Qm,(k′1,k

′
2)
-valued char-

acter that lifts the trivial character of Iq and that is obtained from the restriction of a Rmin
Qm,(k′1,k

′
2)
-valued

character of the decomposition groupGQq
. Hence, the character χq factors as χq : ∆q →

(
Rmin

Qm,(k′1,k
′
2)

)×
.

This allows us to obtain the O[∆Qm
]-structure on Rmin

Qm,(k′1,k
′
2)
. Since the universal deformation ring

Rmin
(k′1,k

′
2)

parametrizes deformations of the type defined in Definition 4.3, that in particular are unram-

ified at all the Taylor–Wiles primes q ∈ Qm, the universal property gives us a natural isomorphism

Rmin
(k′1,k

′
2)

∼= Rmin
Qm,(k′1,k

′
2)
/IQm

. This proves point (1).

The surjection in equation (29) provides us an O[∆Qm
]-structure onMQm,(k′1,k

′
2)
. Using [15, Theorems

2.2.5, 8.2.1] (see also [28, Theorems 3.5(2),3.6]), one observes that, for each q ∈ Qm, the action of ∆q

onMQm,(k′1,k
′
2)
via the p-primary part of Kli

(0)
q /Kli

(1)
q

∼= (Z/qZ)× matches with the ∆q-action obtained

from equation (29). Pilloni’s horizontal control theorem [29, Theorem 9.1] tells us that MQm,(k′1,k
′
2)

is a

free O[∆Qm
]-module and we have a natural isomorphism given by the first map of equation (26):

MQm,(k′1,k
′
2)

IQm
MQm,(k′1,k

′
2)

∼=−→M
(0)
Qm,(k′1,k

′
2)
.(30)

To conclude that the second map of equation (26)

M
(0)
Qm,(k′1,k

′
2)

∼=−→M(k′1,k
′
2)

(31)

is an isomorphism, one shows (following Genestier–Tilouine and Pilloni [15,28]) that the homomorphisms

Sord
(k′1,k

′
2)
(ΓIwp

,O)m′ ⊗O Frac(O) → Sord
(k′1,k

′
2)
(Γ

Iwp,Q
(0)
m
,O)m(0) ⊗O Frac(O),(32)

Sord
(k′1,k

′
2)
(ΓIwp

,O)m′ ⊗O Frac(O)/O → Sord
(k′1,k

′
2)
(Γ

Iwp,Q
(0)
m
,O)m(0) ⊗O Frac(O)/O,(33)

are isomorphisms. The fact that the map in equation (32) is an isomorphism is a level lowering type

argument. For example, see [28, Proposition 6.2]. The fact that the map in equation (33) is an isomorphism

follows by constructing an explicit inverse to the q-stabilization map (as given in [28, Proposition 3.3],

[15, Corollary 3.2.4]) which in turn relies on our choice of the ordering of the characters χ̄i,q’s for Taylor–

Wiles prime q as given in Definition 4.2. See [28, Proposition 6.3]. Combining isomorphisms in equations

(30) and (31) gives us point (2) and point (ii).
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Point 3 follows directly from the surjections of equation (29). We have the following diagram:

TQm,(k′1,k
′
2)

��

// EndO

(
MQm,(k′1,k

′
2)

)
// EndO

(
MQm,(k′1,k

′
2)

IQm
MQm,(k′1,k

′
2)

)
∼=
��

T(k′1,k′2)
// EndO

(
M(k′1,k

′
2)

)
To see that one gets an induced surjectivemap TQm,(k′1,k

′
2)

→ T(k′1,k′2), one combines the construction of the

Galois representation as given in Lemma 4.8, the surjections of equation (29) and the Chebotarev density

theorem (to see that traces of Frobenii of primes outside any finite set containing S ∪ Qm generate the

Hecke algebras). See [28, Corollary 6.1]. This allows us to obtain point (i). This completes the proof. □

Propositions 4.4 and 4.9 allow us to apply [28, Theorem 4.2] to obtain the following ring isomorphism for

k′1 > k′2 ≫ 0, with (k′1, k
′
2) ≡ (a0, b0) (mod (p− 1)Z2). We note that [28, Theorem 4.2] is a modification

of the Taylor–Wiles method as developed by Diamond [10] and Fujiwara [13].

Rmin
(k′1,k

′
2)

∼= T(k′1,k′2).(34)

4.4. Proof of Theorem 1. From Theorem 3.1, we see that the Galois representation ρT satisfies the de-

formation properties listed in Definition 4.1. This induces a ring homomorphism

Ψ : Rmin → T .

Let ρmin : GQ,S → GSp4(R
min) denote the universal minimal ordinary deformation of ρ̄. We note that

there exists a matrix Pρmin,p ∈ GSp4(R
min) such that for all g ∈ GQp

, we have

ρmin(g) = Pρmin,p


χmin
1 (g) ∗ ∗ ∗
0 χmin

2 (g) ∗ ∗
0 0 χmin

3 (g) ∗
0 0 0 χmin

4 (g)

P−1
ρmin,p

.

Here, for each i ∈ {1, 2, 3, 4}, we have a character χmin
i : GQp

→ (Rmin)×. Furthermore, the character

χmin
4 is unramified. We let ηi denote the restrictions of the characters χ

min
i to the inertia group Ip. Local

class field theory would tell us that these are characters of Z×
p . Note that η2 and η3 lift ω

a0−1
and ωb0−2

respectively. The restriction of the characters η2⊗ϵ, η3⊗ϵ2 : Ip → (Rmin)× to the pro-p subgroup 1+pZp

of Z×
p induces ring homomorphisms ψ1 : ZpJXK → Rmin

and ψ2 : ZpJY K → Rmin
. Therefore, we get

a map from Λ ≃ ZpJXK⊗̂ZpJY K to Rmin
making it into a Λ-algebra (see [28, Section 5.5]). Under this

Λ-structure, one notes that Ψ is a Λ-algebra morphism.

To show that Ψ is surjective, we note that the characteristic polynomial of Ψ ◦ ρmin(Frobℓ) (which
equals ρT (Frobℓ)) matches with the Hecke polynomial at ℓ, for all primes ℓ /∈ S. This would show that

the image of Ψ contains the Hecke operators Tℓ,2, Tℓ,1 and Tℓ,0 for all ℓ /∈ S. Theorem 3.1 tells us

Ψ ◦ χmin
4 (Frobp) = Up,2, Ψ ◦ χmin

3

ωb0 κ̃2ϵ
−2

(Frobp) = Up,1/Up,2.

Here, κ̃2 : GQp
↠ 1 + pZp ↪→ ZpJY K× → (Rmin)× is the tautological character obtained from ψ2.

Observe that this is indeed the character introduced in Theorem 3.1. These arguments show that Ψ is

surjective.
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Suppose (k′1, k
′
2) ≡ (a0, b0) (mod (p−1)Z2). Let P(k′1,k

′
2)
denote the kernel of the ring homomorphism

φ(k′1,k
′
2)

: Λ → Zp. Universal properties of R
min

and Rmin
(k′1,k

′
2)
provide us a natural isomorphism

Rmin

P(k′1,k
′
2)
Rmin

∼= Rmin
(k′1,k

′
2)
.(35)

When k′1 > k′2 ≫ 0, equation (34) provides us an isomorphism Rmin
(k′1,k

′
2)

∼= T(k′1,k′2). We get an induced

commutative diagram where all morphisms are surjective.

Rmin

⊗Λ/P(k′1,k
′
2)����

Ψ // // T

⊗Λ/P(k′1,k
′
2)����

Rmin

P(k′1,k
′
2)
Rmin

∼=

%%

// // T
P(k′1,k

′
2)
T

����
T(k′1,k′2)

As a result, we obtain that whenever Rmin
(k′1,k

′
2)

∼= T(k′1,k′2) holds, we obtain a natural induced isomorphism

T
P(k′1,k

′
2)
T

∼= T(k′1,k′2).(36)

Choose the minimal natural number amongst RankZp
T(k′1,k′2), as we vary over all (k′1, k

′
2) ≡ (a0, b0)

(mod (p − 1)Z2) such that the isomorphism Rmin
(k′1,k

′
2)

∼= T(k′1,k′2) holds. Call it n. Topological Nakayama

lemma [37, Tag 031D] tells us that Rmin
is finitely generated as a Λ-module and that we have Λ-module

surjections:

Λn ↠ Rmin Ψ
↠ T .(37)

Going modulo P(k′1,k
′
2)
with (k′1, k

′
2) as specified above, the minimality of n and equation (36) now provide

isomorphisms:

Zn
p
∼=

Rmin

P(k′1,k
′
2)
Rmin

∼=
T

P(k′1,k
′
2)
T
.(38)

Since the set of height two prime ideals P(k′1,k
′
2)
’s with (k′1, k

′
2) ≡ (a0, b0) (mod (p − 1)Z2) and k′1 >

k′2 ≫ 0 are dense in Spec(Λ) (see [22, Lemma A1]), a standard density argument now tells us that the

maps in equation (37) are in fact isomorphisms. This completes the proof. □

5. Proof of Theorem 2

Theorem 2. Suppose we are in Set-up 1.1. Suppose k′1 and k
′
2 are integers such that k′i ≡ ki (mod (p− 1)).

Suppose also that f is a classical specialization of T with weight (k′1, k
′
2) that is very regular. Then, there

exists a unique Hida family passing through f .

Note that the proof of Theorem 1 (see equation (36)) provides us the following ring isomorphisms for

k′1 > k′2 ≫ 0 with k′1 ≡ k1 (mod (p− 1)) and k′2 ≡ k2 (mod (p− 1)):

T ⊗ZpJy1,y2K
ZpJy1, y2K
P(k′1,k

′
2)

∼= Rmin ⊗ZpJy1,y2K
ZpJy1, y2K
P(k′1,k

′
2)

∼= Rmin
(k′1,k

′
2)

∼= T(k′1,k′2).
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Here, P(k′1,k
′
2)
is the prime ideal ((1+ y1)− (1+ p)k

′
1 , (1+ y2)− (1+ p)k

′
2) of ZpJy1, y2K. Since the Hecke

algebra T(k′1,k′2) is Zp-torsion free, [19, Corollary 5.4] lets us conclude that the ring T(k′1,k′2) is reduced.
Let P denote the prime ideal of T lying over P(k′1,k

′
2)

corresponding to f . Let P denote the prime

ideal of T(k′1,k′2) corresponding to P . The localization

(
T(k′1,k′2)

)
P
, being a reduced Artinian local ring,

is a field. Consequently, the localization

(
T

P(k′1,k
′
2)
T

)
P

, being isomorphic to

(
T(k′1,k′2)

)
P
, is also a field.

This observation lets us conclude that P(k′1,k
′
2)
TP is the maximal ideal of TP . Thus, the maximal ideal of

the localization TP (which has Krull dimension 2) is generated by 2 elements. These observations let us

conclude that TP is a regular local ring (and hence a domain). It thus follows that there exists a unique

minimal prime η of T contained in P (that corresponds to the zero ideal of the domain TP ). □
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